This paper presents a simple approach to quantify the effect of initial soil density on the soil-water characteristic curve (SWCC) of unsaturated soils. This approach is based on an incremental relationship between the degree of saturation and the initial void ratio, which satisfies the intrinsic constraints for three-phase porous materials. The incremental relationship can be incorporated into existing SWCC equations to model the water retention behaviour for deformable soils. Only one additional parameter is introduced, which can be conveniently calibrated by way of conventional water retention tests. The SWCCs for the same soil at different initial void ratios can be found using the proposed approach. The proposed approach is validated against experimental data from drying tests for both compacted and reconstituted soils.
INTRODUCTION
The soil-water characteristic curve (SWCC) is defined as the relationship between the degree of saturation, S r (or the volumetric water content, Ł) and the matric suction, s (or soil-water potential, ł). It is usually obtained by drying or wetting a soil sample under constant stress while monitoring the changes of water content in the soil. In the paper, the term 'stress' is used to designate 'net stress' for the purpose of simplicity. The SWCC is also called the soil moisture characteristic curve or the soil-water retention curve. The SWCC of a soil can usually give an indication of the hydraulic properties of the soil, and has various applications in soil physics and soil mechanics. The SWCC is widely used to predict hydraulic conductivity, soil-water storage, field capacity and soil aggregate stability in agricultural engineering (Brady, 1999) . It is also commonly employed in estimating the shear strength, stress-strain relationships and permeability of unsaturated soils (Mualem, 1976; Fredlund et al., 1996; Wheeler, 1996; Assouline, 2001 ). The study of the SWCC goes back to the beginning of the twentieth century. According to Brady (1999) , Buckingham was perhaps the first to propose an SWCC equation, in 1907 . From then on, many equations have been proposed to model SWCCs (e.g. Gardner, 1956; Brooks & Corey, 1964; Mualem, 1976; van Genuchten, 1980; Aubertin et al., 2003; Li, 2005) . Some of these equations are based on functional regression of experimental data, whereas others are based on empirical correlation with other soil properties, such as particle or pore size distribution, porosity and specific surface area (Arya & Paris, 1981; Aubertin et al., 2003; Haverkamp et al., 2005; Zhang & Chen, 2005; Wang et al., 2008) . It has been recognised that SWCCs are affected by many factors, such as the pore size and pore shape distribution, specific surface area, particle-size distribution, chemophysical properties of the soil phases, soil density and even temperature (Burger & Shackelford, 2001a , 2001b Romero et al., 2001; Chateau & Viet, 2010) . However, it is also realised that most existing SWCC equations are phenomenological in nature. In this regard, it is anticipated or hoped that the effects of the above-mentioned factors on SWCCs can be incorporated into the parameters used in these equations. In other words, samples with, for example, different particle-size distributions are effectively modelled as different soils using different parameter values.
One specific factor that affects the SWCC is the density or porosity of the soil. The density or porosity of one soil can change considerably, depending on the stress and suction states as well as the stress and suction history of the soil. In principle, it is difficult to justify treating samples of a given soil at different densities as entirely different soils for the purpose of modelling. On the other hand, the SWCC is characteristic for a given soil only at a specific density and specific stress level. As stated by Assouline (2006) , a change of soil density can lead to a significant change of the SWCC, and such a change in soil density is a common feature of natural soils. The issue of the effect of soil density on the hydraulic properties of a soil was perhaps first raised by Croney & Coleman (1954) and then by Laliberte et al. (1966) . Recently, the study of the effect of density on the hydraulic properties of unsaturated soils has attracted much attention (Ng & Pang, 2000; Gallipoli et al., 2003; Wheeler et al., 2003; Sun et al., 2007; Khalili et al., 2008; Miller et al., 2008; Nuth & Laloui, 2008; Masin, 2010; Sheng & Zhou, 2011) . In the literature, various approaches have been proposed to model the effect of soil density on SWCCs. For example, Gallipoli et al. (2003) suggested including a function of specific volume (v) in the SWCC equation proposed by van Genuchten (1980) . Sun et al. (2008) proposed a hydraulic model whereby a change in the degree of saturation, S r , can be caused by a change in matric suction or a change in soil volume, v: Masin (2010) proposed a hydraulic model that can predict the dependence of S r on the void ratio (e) using the effective stress principle. Tarantino (2009) proposed an SWCC equation for deformable soils based on an empirical power function of the water ratio, e w : This model is very similar to the model by Gallipoli et al. (2003) , but has one parameter fewer than Gallipoli's model. Very recently, Sheng & Zhou (2011) proposed an incremental relationship between S r and e by realising that the SWCC is obtained under constant stress instead of constant volume.
All the above-mentioned models are intended to simulate the relationship between S r and soil density (e or v) under an arbitrary suction level, which can be generalised by the equation
where g is a general function. In practice, it is sometimes necessary to predict the SWCCs of a given soil at different initial densities with very limited laboratory data, since the conventional water retention test is a cumbersome and time-consuming procedure. It is generally difficult to use equation (1) to predict the effect of initial density on SWCCs directly, because it uses the current void ratio, which changes with suction. The current void ratio can be linked to the initial void ratio through a volume-change equation that defines the relationship between void ratio and suction. This volume-suction relationship usually involves the compressibility and the stress history of the soil. At least three additional parameters would therefore be needed to quantify the effect of initial density on SWCCs: the elastic compressibility, the elastoplastic compressibility and the yield suction. Some models also use an empirical volume-shrinkage curve together with equation (1) to quantify the effect of initial density on the SWCC. One of the simplest models in this group is perhaps due to Mbonimpa et al. (2006) , and yet it requires three additional parameters to be specified.
In other models, the shift of SWCCs with the variation of the initial density is realised by way of a density-dependent air entry value (e.g. Huang et al., 1998; Nuth & Laloui, 2008) . This is a simple and effective approach. Nonetheless, such an approach can be applied only to SWCC equations where the air entry value is explicitly used, such as in Brooks & Corey (1964) . In addition, some important intrinsic relations (see the section below on 'Constraints between degree of saturation and initial void ratio') for three-phase mixtures may not necessarily be satisfied. This paper proposes a very simple method to quantify the effect of initial density on SWCCs. The proposed method is based on deformation constraints for a three-phase mixture (pore air, pore water and solid soil particles) as well as the difference between macropore water and micropore water. This new method can be applied to any existing SWCC equation for soil with monomodal, bimodal or multimodal pore-size distributions. There is only one new parameter introduced, and this new parameter can be conveniently calibrated by experimental results. The predictions of the proposed method are compared with several sets of experimental data available in the literature.
The proposed method can also be applied to quantify the effect of initial density on unsaturated shear strength and unsaturated permeability. The SWCC is commonly adopted to predict the shear strength Vanapalli et al., 1996; Toll & Ong, 2003) and permeability (Mualem, 1976; of unsaturated soils. In terms of the shear strength equation for unsaturated soils, the suction friction angle (ö b ) or the effective stress variable (÷) is usually assumed to be related to the SWCC equation. Similarly, the permeability function is usually fully determined once the SWCC equation is known. In such cases the density-dependence of shear strength and permeability can be readily derived from the density dependence of the SWCC.
MODELLING THE EFFECT OF INITIAL DENSITY ON SWCCs
Macroscopic/microscopic degrees of saturation and effective degree of saturation As pointed out by Romero et al. (1999) , there are two categories of pore in clayey soils: macroscopic pores, where capillary effects are the dominant phenomenon; and microscopic pores, where water is attached to the solid by physicochemical bonds. These two groups of pores suggest that the degree of saturation could also be separated into two components (Alonso et al., 2010) : a macroscopic degree of saturation, S M r , which describes the occupation of water in the macropores; and a microscopic degree of saturation, S m r , which concerns the water in the micropores. Following Alonso et al. (2010) , the degree of saturation can be written as The effective degree of saturation, S e , can be defined as 
The change of the initial density is thus assumed to affect only the macroscopic degree of saturation. The microscopic and residual degrees of saturation are assumed to be independent of the initial density.
Constraints between degree of saturation and initial void ratio
An unsaturated soil is a mixture of water, air and solid mineral particles, where the pore water is further split into two parts: water in macropores, and water in micropores. It is possible to show that there are certain intrinsic constraints on the relationship between the degree of saturation and the void ratio. For example, when a soil is fully saturated (S r ¼ 1), the change of volume or density does not cause any change of degree of saturation. Furthermore, when a soil has lost all the water in the macropores (i.e. S M r ¼ 0), the degree of saturation remains constant, and becomes independent of further volume change.
To investigate the intrinsic relationship between void ratio and degree of saturation, a conceptual element of a threephase soil volume is illustrated in Fig. 1 
If the element undergoes a volume change˜V under constant suction, then the volumes of macropore water and pore air will change, whereas the volumes of solid particles and micropore water are usually assumed to be constant (see Fig. 1(b) ). If it is assumed that the volume change of macropore water is î˜V; the volume change of pore air is then (1 À î)˜V, with 0 < î < 1. For î ¼ 0, the total volume change is equal to the volume change of pore air, which corresponds to the case of undrained compression ( Fig.  1(c) ). The other extreme case is î ¼ 1, where the total volume change is equal to the volume change of macropore water. The case î ¼ 1 occurs when the soil is fully saturated. Under more general circumstances, we have 0 < î < 1. Therefore the change in void ratio˜e, macroscopic degree of saturation˜S M r , and microscopic degree of saturatioñ S m r can be expressed as
Combining equations (6) with equations (7) results in˜S
Expanding equation (8) 
Since 0 < î < 1, the intrinsic constraint between the variations of S M r and e is
Replacing S M r
by S e by way of equation (5), the above equation can be rewritten as
When deriving the above constraint, it is considered fact that the volume change can be caused only by a stress change while the suction is kept constant. In the context of soilwater characteristic curves where the stress is kept constant, the void ratio in the above constraint thus corresponds to the initial void ratio at the start of an SWCC test (i.e. the saturated void ratio for a drying test). Considering constraint (11) and the discussion above, the following incremental relationship between degree of saturation and initial void ratio is proposed to describe the effect of initial density on SWCC
where e i is the initial void at the start of the SWCC test (or the saturated void ratio for a drying test), and ae is a fitting parameter. Equation (12) also satisfies the following basic constraints.
(a) For saturated soil (S r ¼ 1), a change in soil volume does not lead to any change in degree of saturation, that is, dS e ¼ 0 when S e ¼ 1. (b) For unsaturated soil at the residual degree of saturation (S r ¼ S res r ), the degree of saturation remains constant, irrespective of any change in soil volume, that is, dS e ¼ 0 when S e ¼ 0.
Equation (12) is not the unique expression that satisfies constraint (11) and the above constraints, but perhaps one of the simplest options. It should be noted that equation (12) is in incremental form, and therefore it only defines the variation of the degree of saturation caused by a variation of initial void ratio. This equation can be solved by integration, and the solution will depend on a reference state (e.g. a reference SWCC, S Since the shift of the SWCC due to the initial void ratio is governed by such an incremental equation, any SWCC equation can be selected as the reference SWCC. Equation (12) can be integrated numerically for an arbitrary value of ae . For simplicity, some formula for numerical approximation of definite integrals (such as Simpson's rule) can also be employed to obtain approximate closed-form equations (see the Appendix). In special cases, such as ae ¼ 1 and ae ¼ 0 . 5, analytical solutions are available, as follows. 
where
It is also interesting to compare the proposed equation with the method by Gallipoli et al. (2003) , where the van Genuchten equation (van Genuchten, 1980 ) is modified to take into account the effect of soil density
where m and n are the fitting parameters in the original van Genuchten equation, and j and ö are two soil constants introduced by Gallipoli et al. (2003) . Differentiating this equation leads to
Equation (17) is indeed very similar to equation (12). The essential difference is the product (jmn) in equation (17). This product is set to 1 in the proposed model in order to satisfy constraint (11). Gallipoli et al. (2003) incidentally set the product to 1 . 1 in all their numerical examples. The quantities (1 À S r ) ae in equation (12) and 1 À (S r ) 1= n in equation (17) both represent a number between 0 and 1, and are mathematically equivalent. Another difference is that Gallipoli et al. (2003) used the current void ratio and the degree of saturation in equation (17) instead of the initial void ratio and the effective degree of saturation respectively.
CALIBRATION AND MODEL PERFORMANCE

Model calibration
The proposed equation (11) involves only one new parameter, ae. This parameter, as will be shown below, varies within a relatively small range, and as a first approximation can be treated as a general constant, irrespective of soil type. For more accurate and flexible predictions ae can be treated as a constant specific to a soil type. In such cases, at least two conventional water retention tests must be conducted in order to calibrate the model. One test is used to calibrate all fitting parameters for a reference SWCC (S . The other test is conducted at a different initial void ratio and is used to calibrate the new fitting parameter ae. The calibrated model can then be used to find the SWCC at an arbitrary initial void ratio. Experimental results from Romero (1999) for Boom clay (see Fig. 2 ) with different initial void ratios are employed here to demonstrate the parameter calibration process of the proposed model. The SWCC data with initial void ratio of 0 . 93 are used to calibrate the reference SWCC equation.
Many SWCC equations exist in the literature (e.g. Gardner, 1956; Brooks & Corey, 1964; van Genuchten, 1980; . Equation (12) can be used with any of these equations. The van Genuchten equation (van Genuchten, 1980 ) is used here as an example. 
with
where S Fig. 2(a) . Equation (19) is usually used for the drying curve only, but could be used for the wetting curve as well. Hydraulic hysteresis can also be incorporated conveniently if considered to be important. In this case the main drying curve, the main wetting curve and the scanning curves will all shift with the initial void ratio of the soil according to equation (12) . In this paper, hydraulic hysteresis is not considered.
The water retention test results of Boom clay with initial void ratio of 0 . 59 are used to calibrate the new fitting parameter ae. Fig. 2(a) shows the calibration curves with different values of ae (¼ 0 . 1, 0 . 37, 0 . 8). The simulation gives the best fit to the experimental data when ae is set to a value of 0 . 37. A comparison between the measured and calculated degrees of saturation is shown in Fig. 2(b) for ae ¼ 0 . 37, which indicates that the calibration is relatively successful. Figure 3 , parameter ae is set to 0 . 37, 0 . 1 and 0 . 8 respectively. The shift of SWCC with initial void ratio is more pronounced as ae decreases. The slope of the SWCC also increases as the void ratio decreases, which is similar to the approach proposed by Masin (2010) . It is also possible to derive an approximate relationship between the air entry suction and the initial void ratio from Fig. 3 . Let the air entry value be defined as the suction where S r ¼ 95%, and let the volumetric strain, å vi , be the percentage change of void ratio from the reference value. The shift of the air entry value with the volumetric strain is plotted in Fig. 3(d) for different values of ae. It is shown that a decreasing initial void ratio results in an increasing air entry value. The relationship between the air entry value and the volumetric strain is roughly linear on a logarithmic scale when ae ¼ 0 . 37.
Model performance
Equation (12) is in incremental form, and its solution generally requires numerical integration, which may not always be convenient in engineering practice. However, it also offers great flexibility: it can be used in conjunction with any existing SWCC equation, and any known SWCC can be used as a reference state. All empirical SWCC equations, including those for bimodal or multimodal pore sizes (e.g. Burger & Shackelford, 2001a; Zhang & Chen, 2005) , can be used with equation (12). Because it is incremental, it can be used for any stress level, as long as the stress levels for the reference state and the desired state remain the same. If the stress level at the desired void ratio is different from the reference state, a coupled hydromechanical approach has to be used (Sheng & Zhou, 2011) . Figure 4 demonstrates the application of equation (12) to other common SWCC equations (Brooks & Corey, 1964; 
EXPERIMENTAL VALIDATION S r -e relationship under constant suction for a compacted soil
Suction-controlled oedometer compression tests on a loosely compacted soil of 70% silt, 20% kaolin and 10% London clay were conducted by Jotisankasa (2005) . The test results are replotted in the plane of S r against 1 + e, as shown in Fig. 5 . There are two testing series used here: the 7-10 series and the 5-10 series. The 7-10 series includes four datasets (7-10-P, 7-10-V, 7-10-W and 7-10-U) for different suction levels (31 . 8 MPa, 10 . 4 MPa, 9 . 4 MPa and 4 . 4 MPa respectively). The 5-10 series includes three datasets (5-10-I, 5-10-L and 5-10-K) for suction levels at 27 . 3 MPa, 9 . 7 MPa and 5 . 4 MPa respectively. The dataset 5-10-K (suction 9 . 7 MPa) is chosen to calibrate parameter ae in the proposed model, which gives ae ¼ 0 . 1. This value is then used to predict all other datasets. Since the suction remains constant for each curve in Fig. 5 , no SWCC equation is required here, and the only parameter required is ae. Equation (12) can be used directly to predict the variation of degree of saturation due the variation of stress-induced volume change. In this case, the void ratio e i in equation (12) is the current void ratio, and it changes because of stress variation in the oedometer tests. Fig. 5 clearly shows that equation (12) predicts the relationship between the degree of saturation and the void ratio very well when the suction is kept constant. Indeed, the experimental data are almost exactly on the predicted S r -e curves.
Measured and predicted SWCCs of compacted till
A series of drying tests on a compacted till was reported by Vanapalli et al. (1999) . The soil specimens were compacted to different initial void ratios at optimum water content. Figs 6(a)-6(d) show the drying test results for these specimens, with different symbols for different initial void ratios, e i : The test data with initial void ratio of 0 . 517 were adopted to calibrate the reference SWCC. The fitting parameters for van Genuchten's SWCC equation were calibrated as follows: a ¼ 65 kPa, m ¼ 1 . 0, n ¼ 0 . 15, and S res r ¼ 0 . 0. The test data corresponding to an initial void ratio of 0 . 514 were employed to calibrate the parameter ae, which was assigned a value of 0 . 03. The remaining two datasets (corresponding to e i ¼ 0 . 474, and e i ¼ 0 . 444) were used to validate the proposed approach. The predicted SWCCs were calculated using equation (12), and are shown as solid curves in Fig. 6 . The predicted SWCCs in Figs 6(c)-6(d) match the experimental data almost exactly, indicating that the proposed approach captures the effects of initial void ratio on the SWCCs extremely well.
Measured and predicted SWCCs of silty sand
A series of laboratory experiments was conducted by Huang et al. (1998) to investigate the hydraulic properties of a deformable unsaturated soil. The soil tested was a silty sand from a Saskatchewan Department of Highways borrow pit. This silty sand consisted of 52 . 5% sand, 37 . 5% silt and 10% clay. The specific gravity, liquid limit and plastic limit were 2 . 68, 22 . 2% and 16 . 6% respectively. The air-dried silty sand was mixed with distilled water to prepare slurried specimens for the experimental programme. Six initially slurried specimens (grouped as PPCT2) were one-dimensionally preconsolidated under different pressures to obtain different initial void ratios for the water retention tests. The test results are replotted in the S e -s plane together with the predictions of equation (12) in Figs 7(a)-7(f) . The water retention test data for an initial void ratio 0 . 525 were used to calibrate the reference SWCC equation. The fitting parameters were calibrated as follows: a ¼ 65 kPa, m ¼ 1 . 9, n ¼ 0 . 5, S res r ¼ 0 . 0 and ae ¼ 0 . 2. As shown in Figs 7(c)-7(f), the predicted SWCCs agree very well with the experimental SWCCs. The shifting of the SWCC due to changes in the initial density is well portrayed by the proposed approach.
Measured and predicted SWCCs of SI tailings
Aubertin et al. (1998) investigated the SWCCs for a tailings material denoted as 'SI' with different initial void ratios. This tailings material is a by-product of the milling of ore extracted from underground or open-pit mines, and its grain size is usually equivalent to that of a silty soil. For each water retention test, the remoulded specimens with different initial void ratios (e i ¼ 0 . 802, 0 . 746, 0 . 695) were saturated in a triaxial cell first by back-pressure. The test results were originally presented in the space of volumetric water content Ł against suction s, but they have been replotted in S r -s space in Figs 8(a)-8(c). As pointed out by Aubertin et al. (1998) , the test results for each density were obtained with at least two sets of material samples, which explains some of the data scattering. The test data for the loosest specimen (e i ¼ 0 . 802, Fig. 8(a) ) were adopted to calibrate the reference SWCC. The fitting parameters for van Genuchten's SWCC equation are: a ¼ 400 cmH 2 O (1cmH 2 O ¼ 0 . 098kPa), m ¼ 1 . 2, n ¼ 0 . 5 and S res r ¼ 0 . 0. The fitting parameter ae was calibrated with the SWCC data at an initial void ratio of 0 . 746, and is set to a value of 0 . 5. The predicted SWCC in Fig. 8(c) agrees reasonably well with the experimental data. The calculated air entry value (s ae when S r ¼ 95%) for each set is also shown in Fig. 8 to illustrate the influence of initial density on the air entry value.
Measured and predicted SWCCs of reconstituted Barcelona silt
Tarantino (2009) reported a series of laboratory SWCC tests on reconstituted Barcelona silt with different initial densities. The soil samples were prepared from slurry, and were then consolidated to vertical stresses of 100 kPa, 300 kPa or 500 kPa to obtain different initial void ratios. The initial void ratios, e i , at the start of the drying process were 0 . 62, 0 . 54 and 0 . 50 for the samples consolidated to 100 kPa, 300 kPa and 500 kPa respectively. The fitting parameters for van Genuchten's SWCC equation are: 
Measured and predicted SWCCs of clayey sand
Very recently, Salager et al. (2010 Salager et al. ( , 2011 conducted a series of tests on a clayey sand to investigate the water retention behaviour of a granular soil. The tested soil consisted of 72% sand, 18% silt and 10% clay. The water retention behaviour of the clayey sand compacted at five different void ratios (e i ) is replotted here in the S r -s plane, as shown in Figs 10(a)-10(e). The variation of initial void ratios is in the range from 0 . 44 to 1 . 01. The water retention data for the loosest specimen (e i ¼ 1 . 01) were adopted to calibrate the reference SWCC. The fitting parameters for van Genuchten's SWCC equation are: a ¼ 10 kPa, m ¼ 0 . 6, n ¼ 0 . 5 and S 
Parameter ae
The fitting parameter ae varies between 0 . 03 and 0 . 5 in the analyses described above. This parameter controls the shape of the transitional part of the SWCC around the air entry value. A smaller value of ae leads to a sharper transition, as shown in Fig. 3 . In addition, the smaller ae is, the more pronounced is the density effect on the SWCC, particularly 
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at low suction levels. In the case when there are two known SWCCs at any two different void ratios, ae can be calibrated as in the above analyses. If only one SWCC is known, a gross approximation of ae would be to use an average value of 0 . 2. Such a gross approximation may affect the accuracy of the predicted SWCC around the air entry value, but does not lead to dramatic differences at higher suctions, as shown in Fig. 2(a) .
CONCLUSIONS
The soil-water characteristic curve, SWCC, plays important roles in calculating soil-water storage, field capacity and soil aggregate stability in agricultural engineering. In geotechnical engineering it is also widely used in predicting collapse or swelling failure of foundations, as well as slope failures due to rainfall. Research shows that this curve is not characteristic, but is influenced by the initial soil density. This paper proposes a simple method that can be combined with existing empirical SWCC equations to describe the effect of initial density on water retention behaviour. This method is based on the intrinsic constraints between the degree of saturation and the void ratio for a three-phase mixture. The difference caused by water in macroscopic pores and microscopic pores is also taken into account in the new model. Only one parameter (ae) is introduced to describe the effect of initial soil density on the SWCC. The proposed model was validated against a wide range of experimental data available in the literature. It has been shown that the proposed model is able to capture quite well the initial density effect on the SWCC.
APPENDIX
In engineering applications, it is convenient to have closed-form solutions. For practical purposes, a formula for numerical approximation of definite integrals can be employed to obtain the approximate closed-form solution for equation (12) . In this paper, Simpson's rule is adopted as an example to show one of the possible methods to perform such an approximation. Equation (12) 
The accuracy of equation (23) can be investigated by comparing approximate solutions with analytical solutions in some special cases (for example, ae ¼ 0 . 5). The parameters for the reference SWCC (van Genuchten's) are assumed as: a ¼ 100 kPa, m ¼3 . 0, n ¼ 1 . 0, reference void ratio e are the calculated effective degree of saturation by way of equation (23) and equation (14) respectively. The accuracy of the approximate closed-form solution (i.e. equation (23)) is usually good enough for engineering practice. reference initial void ratio e w water ratio m fitting parameter in van Genuchten's equation (van Genuchten, 1980 ) n fitting parameter in van Genuchten's equation (van Genuchten, 1980 ) S e effective degree of saturation S 
